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Abstract. We consider a compound renewal process, which is also
known as a cumulative renewal process, or a continuous time random
walk. We suppose that the jump size has zero mean and nite variance,
whereas the renewal-time has a moment of order greater than 3/2. We
investigate the asymptotic behaviour of the probability that this process
is staying above a moving non-increasing boundary up to time T which
tends to innity. Our main result is a generalization of a similar one for
ordinary random walks obtained earlier by Denisov D., Sakhanenko A.
and Wachtel V. in Ann. Probab., 2018.
Keywords: compound renewal process, continuous time random walk,
boundary crossing problems, moving boundaries, exit times.
1. Ââåäåíèå
1.1. Ïóñòü (X1, v1), (X2, v2), . . .  áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü íåçàâèñè-
ìûõ è îäèíàêîâî ðàñïðåäåëåííûõ ïàð ñëó÷àéíûõ âåëè÷èí òàêèõ, ÷òî
(1) EX1 = 0, EX1
2 = 1 = Ev1 è v1 > 0 ï.í.
Ïîëîæèì S0 = V0 = 0 è
Sk = X1 + . . .+Xk, Vk = v1 + . . .+ vk, k = 1, 2, . . . ,
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à ïðè t ≥ 0 ââåäåì â ðàññìîòðåíèå ñëó÷àéíûé ïðîöåññ
S(t) = SN(t), ãäå N(t) = max{k ≥ 0 : Vk ≤ t}.
Ïîñêîëüêó N(t)  ýòî ôóíêöèÿ âîññòàíîâëåíèÿ, ïîñòðîåííàÿ ïî ñëó÷àéíûì
âåëè÷èíàì v1, v2, . . ., òî ïðîöåññ S(t) îáû÷íî íàçûâàþò îáîáùåííûì ïðîöåññîì
âîññòàíîâëåíèÿ (ñì., íàïðèìåð, [1]), õîòÿ â èíîñòðàííîé (îñîáåííî ôèçè÷åñêîé)
ëèòåðàòóðå åãî çîâóò òàêæå ñëó÷àéíûì áëóæäàíèåì ñ íåïðåðûâíûì âðåìåíåì
(ñì., íàïðèìåð, [2]).
Ïóñòü òåïåðü g(t)  íåêîòîðàÿ ôóíêöèÿ, îïðåäåëåííàÿ ïðè t ≥ 0 . Ââåäåì â
ðàññìîòðåíèå ñëó÷àéíóþ âåëè÷èíó
(2) τ := inf{t > 0 : S(t) ≤ g(t)} = inf{t > 0 : Z(t) := S(t)− g(t) ≤ 0},
ðàâíóþ ïåðâîìó ìîìåíòó ïåðåñå÷åíèÿ ñâåðõó âíèç óðîâíÿ g(t) íàøèì íåïðå-
ðûâíûì ñëó÷àéíûì áëóæäàíèåì. Îñíîâíàÿ öåëü íàñòîÿùåé ðàáîòû  èçó÷èòü
àñèìïòîòèêó äëÿ âåðîÿòíîñòè
(3) P(τ > T ) = P
(
Z(T ) := inf
0<t≤T








(5) P(τ > T ) > 0 ïðè âñåõ T > 0.
1.2. Â ÷àñòíîì ñëó÷àå, êîãäà âñå vi ≡ 1 íå ñëó÷àéíû, íàø ïðîöåññ S(t) = Sbtc =
X1 + . . .+Xbtc ïðåâðàùàåòñÿ â îáû÷íîå ñëó÷àéíîå áëóæäàíèå. (Âñþäó â ðàáîòå
bxc îáîçíà÷àåò öåëóþ ÷àñòü ÷èñëà x.) À åñëè g(t) = g(btc) êóñî÷íî-ïîñòîÿííà,
òî τ = τ̃ ïðè
τ̃ = inf{k ≥ 1 : Sk ≤ g(k)},




nP(τ̃ > n) ∼
√
2/π Ũ(n) ïðè n→∞,
ãäå
Ũ(t) = E [S(btc)− g(btc); τ̃ > t]
ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ ôóíêöèåé ïðè t→∞.
Â åùå áîëåå ÷àñòíîì ñëó÷àå, êîãäà g(btc) ÿâëÿåòñÿ ïîñòîÿííîé, àñèìïòîòè-
êà (6) áûëà ïîëó÷åíà ðàíåå (ñì., íàïðèìåð, [4]), èñïîëüçóÿ ôàêòîðèçàöèîííûå
òîæäåñòâà. Îäíàêî äëÿ íåïîñòîÿííûõ ôóíêöèé g(t) ìåòîä ôàêòîðèçàöèîííûõ
òîæäåñòâ íå ïðèìåíèì. Â ðàáîòå [3] áûë ïðåäñòàâëåí äðóãîé, áîëåå âåðîÿòíîñò-
íûé ìåòîä, êîòîðûé îêàçàëñÿ ïðèìåíèì äëÿ íåïîñòîÿííûõ ôóíêöèé ñ óñëîâèåì
(4), à òàêæå äëÿ íåîäèíàêîâî ðàñïðåäëåííûõ âåëè÷èí {Xk}, êîòîðûå óäîâëå-
òâîðÿþò óñëîâèþ Ëèíäåáåðãà.
Â äàííîé ñòàòüå ìû õîäèì ïîëó÷èòü àñèìòîòèêó P(τ > t), èñïîëüçóÿ íåêî-
òîðûå ìîäèôèêàöèè ìåòîäà èç ðàáîòû [3].
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1.3. Ñôîðìóëèðóåì íàøè îñíîâíûå ðåçóëüòàòû.
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (1), (4), (5) è
(7) Ev1
γ1 <∞ ïðè íåêîòîðîì γ1 > 3/2.
Òîãäà äëÿ íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåëåííûõ ïàð ñëó÷àéíûõ âåëè÷èí
{(Xi, vi) : i = 1, 2, . . .} ñïðàâåäëèâî íåðàâåíñòâî:
(8)
√
T P(τ > T ) ≤ U+(T ) ïðè âñåõ T > 0,
ãäå ôóíêöèÿ U+(T ) ìåäëåííî ìåíÿåòñÿ ïðè T →∞.
Ïîëîæèì
(9) Un := E [Sn − g(Vn); τ > Vn] , n = 1, 2, . . . .
Òåîðåìà 2. Ïóñòü âûïîëíåíû âñå óñëîâèÿ Òåîðåìû 1. Òîãäà äëÿ ëþáîé ìîíî-
òîííî íåâîçðàñòàþùåé ôóíêöèè g(·) èìååò ìåñòî ñëåäóþùàÿ àñèìïòîòèêà
(10)
√
T P(τ > T ) ∼
√
2/π U(T ) ïðè T →∞,
ãäå
U(T ) := UbTc ≥ U1 > 0 ïðè T ≥ 1
ÿâëÿåòñÿ ìîíîòîííî íåóáûâàþùåé ôóíêöèåé, êîòîðàÿ ìåäëåííî ìåíÿåòñÿ
ïðè T →∞.
Òàêèì îáðàçîì, â ÷àñòíîì ñëó÷àå, êîãäà âñå vi ≡ 1, à íåâîçðàñòàþùàÿ ôóíê-
öèÿ g(t) = g(btc) êóñî÷íî-ïîñòîÿííà, èç òåîðåìû 2 âûòåêàåò óòâåðæäåíèå (4),
ïîëó÷åííîå ðàíåå â ðàáîòå [3].
Îòìåòèì, ÷òî òåîðåìà 2 âûòåêàåò èç ñëåäóþùåãî ïîëåçíîãî óòâåðæäåíèÿ.




nP(τ > Vn) ∼
√
2/π Un ïðè n→∞.
Îòìåòèì åùå, ÷òî
P(τ > Vn) > 0 òîãäà è òîëüêî òîãäà, êîãäà Un > 0.
P(τ > T ) > 0 òîãäà è òîëüêî òîãäà, êîãäà U(T ) > 0.
Îñòàëüíàÿ ÷àñòü ðàáîòû ïîñâÿùåíà äîêàçàòåëüñòâàì òåîðåì 1  3. Óñëîâèì-
ñÿ, ÷òî íèæå ìû ïðåäïîëàãàåì âûïîëíåííûìè âñå óñëîâèÿ òåîðåìû 1 äàæå â
ñëó÷àÿõ, êîãäà ýòî íå îãîâîðåíî. À âîò âûïîëíåíèå äîïîëíèòåëüíûõ óñëîâèé
èç òåîðåìû 2 ìû âñåãäà áóäåì òùàòåëüíî îãîâàðèâàòü.
2. Âñïîìîãàòåëüíûå ëåììû
Óñëîâèìñÿ, ÷òî âñþäó äàëåå â ðàáîòå ìû èñïîëüçóåì íåñëó÷àéíûå äåéñòâè-
òåëüíûå ÷èñëà
T, t, u, x, y, h > 0, k = 0, 1, 2, . . . è i, j, l,m, n = 1, 2, . . . .
Îòìåòèì, ÷òî èç óñëîâèÿ (4) âûòåêàåò, ÷òî









ïðè T ↑ ∞.
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2.1. Ñâîéñòâà âåëè÷èí Un. Íàïîìíèì, ÷òî âåëè÷èíû Z(·), Z(·) è τ > 0
îïðåäåëåíû â (2) è (3). Ïîëîæèì
β := inf{n > 0 : Z(Vn) ≤ 0} = inf{n > 0 : τ ≤ Vn}, Zn := Sn − g(Vn) = Z(Vn),
è çàìåòèì, ÷òî ââèäó (9)




n := ZnI{β > n} = ZnI{τ > Vn}.
Íåòðóäíî ïîíÿòü, ÷òî ïîñëåäîâàòåëüíîñòü òðîåê
(13) M := {(Vk, Z(Vk), Z(Vk)) : k = 1, 2, . . . }
îáðàçóåò öåïü Ìàðêîâà, à β  ìîìåíò îñòàíîâêè ýòîé öåïè.
Ëåììà 1. Ïóñòü α  ìîìåíò îñòàíîâêè öåïè Ìàðêîâà M òàêîé, ÷òî 1 ≤
α ≤ n. Òîãäà ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1
EZ∗α −EZ∗n = E[Zβ ;α < β ≤ n] + E[g(Vβ∧n)− g(Vα);α < β ∧ n].(14)
Êðîìå òîãî,
EZ∗α −EZ∗n ≥ E[Xβ ;α < β ≤ n]− 2E[G(Vβ∧n);α < β ∧ n].(15)
Äîêàçàòåëüñòâî. Ïîâòîðÿÿ âûâîä ëåììû 20 â [3, ñòð 3330] ïðè ν := α è
Tg := β, ìû ïîëó÷èì ñëåäóþùåå ðàâåíñòâî
E[Z∗α] = −E[Sβ ;β ≤ α]−E[g(Vα);β > α].(16)
Ââåäåì ñîáûòèÿ
A1 := {α < β ≤ n} è A2 := {α < n < β}.
ßñíî, ÷òî
{α < β ∧ n} = {α < β, α < n} = A1 ∪A2.(17)
Èç (16) ìû ïîëó÷àåì, ÷òî
EZ∗α + E[Sβ ;β ≤ α] = −E[g(Vα);α < β]
= −E[g(Vα);A2]−E[g(Vn);α = n < β]−E[g(Vα);A1].(18)
À ïðè α = n ìû èìååì èç (18), ÷òî
EZ∗n + E[Sβ ;β ≤ n] = −E[g(Vn);β > n](19)
= −E[g(Vn);A2]−E[g(Vn);α = n < β].
Âû÷èòàÿ òåïåðü (19) èç (18) ìû íàõîäèì, ÷òî
EZ∗α −EZ∗n = E[Sβ − g(Vα);A1] + E[g(Vn)− g(Vα);A2].(20)
Ââèäó (17), íåòðóäíî çàìåòèòü, ÷òî (20) ìîæíî ïåðåïèñàòü â âèäå (14).
Äàëåå, ïî îïðåäåëåíèþ âåëè÷èíû β
Sβ = Sβ−1 +Xβ > g(Vβ−1) +Xβ .
Ñëåäîâàòåëüíî,
E[Sβ − g(Vα);A1] ≥ E[g(Vβ−1)− g(Vα) +Xβ ;A1]
≥ E[Xβ ;A1]− 2E[G(Vn);A1],
ãäå åùå áûëî èñïîëüçîâàíî îïðåäåëåíèå âåëè÷èíû G(·) èç (12). Àíàëîãè÷íî,
E[g(Vn)− g(Vα);A2] ≥ −2E[G(Vn);A2].
Ïîäñòàâëÿÿ òåïåðü äâå ïîñëåäíèå îöåíêè â (20), ìû ïîëó÷èì (15). 
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Ëåììà 2. Ïóñòü âåðíû âñå óñëîâèÿ òåîðåìû 2. Òîãäà EZ∗α ≤ EZ∗n äëÿ ëþáîãî
ìîìåíòà îñòàíîâêè α öåïè Ìàðêîâà M òàêîé, ÷òî 1 ≤ α ≤ n. Êðîìå òîãî,
â ýòîì ñëó÷àå
(21) ∀n ≥ m ≥ 1 Un = EZ∗n ≥ EZ∗m = Um ≥ U1 > 0.
Äîêàçàòåëüñòâî. Äëÿ ìîíîòîííî íåâîçðàñòàþùèõ ôóíêöèé g(·) èç (14) âûòå-
êàåò, ÷òî
EZ∗α −EZ∗n ≤ E[Zβ ;α < β ≤ n]
= E[min{Z(t) : Vβ−1 < t ≤ Vβ};α < β ≤ n] ≤ E[0;α < β ≤ n] = 0.
Òåì ñàìûì ïåðâîå óòâåðæäåíèå ëåììû äîêàçàíî. À ïðè α = m èç íåãî
ñëåäóåò (21). 
2.2. Îöåíêè äëÿ ðàñïðåäåëåíèé âåëè÷èí Vn. Ïîëîæèì
γ0 := min{γ1, 2} ∈ (3/2, 2] è γ := γ0 − 3/2 ∈ (0, 1/2].
Ëåììà 3. Ïðè âñåõ u > 0 è n = 1, 2, . . .





, ãäå C1 := 2E|v1 − 1|γ0 <∞.
Â ÷àñòíîñòè, ïðè u = n,






Êðîìå òîãî, äëÿ ëþáîãî δ ∈ (0, 1)
(24)
√




Äîêàçàòåëüñòâî. Çàìåòèì ïðåæäå âñåãî, ÷òî Vk−k =
∑k
i=1(vi−1) åñòü ñóììà
íåçàâèñèìûõ ñëó÷àíûõ âåëè÷èí {vi−1} ñ íóëåâûìè ñðåäíèìè. Ïîñêîëüêó γ0 ∈
[1, 2], òî ïî íåðàâåíñòâó ôîí Áàðà  Ýññååíà [5]
(25) E|Vn − n|γ0 ≤ 2nE|v1 − 1|γ0 = C1n <∞.
Çäåñü C1 <∞ ââèäó óñëîâèÿ (7). Èñïîëüçóÿ èäåþ ×åáûøåâà, èç (25) ìû ïîëó-
÷àåì (22).
Äàëåå, ïðè u = n èç (22) ñëåäóåò (23), à ïðè u = n1−δγ/γ0 èç (22) ìû íàõî-
äèì (24), ïîñêîëüêó â ýòîì ñëó÷àå
uγ0 = n(1−δγ/γ0)γ0 = nγ0−δγ = n3/2+(1−δ)γ .

Ëåììà 4. Ïðè âûïîëíåíèè óñëîâèé ëåììû 1 äëÿ âñåõ n > 0
(26) Êα,n := 2E[G(Vn);β > α] ≤ 3κ(2n)
√




Äîêàçàòåëüñòâî. Çàìåòèì ïðåæäå âñåãî, ÷òî ââèäó (23)
E[Vn;Vn > 2n] = E[n;Vn > 2n] + E[Vn − n;Vn − n > n]
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Îòñþäà ñ ó÷åòîì (12) ìû èìååì:
Ên := E[G(Vn);Vn > 2n] ≤ κ(2n)E[
√















Äàëåå, èç îïðåäåëåíèÿ â (26)
Êα,n = 2E[G(Vn);β > α] ≤ 2G(2n)P(β > α) + 2Ên.

















(29) Ψ(x) = P(x+ min
0≤t≤1
W (t) > 0),






Xi, qk,n(x) := P(x+ µk,n > 0).(30)
Ëåììà 5. Äëÿ íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåëåííûõ X1, X2, . . . , óäîâëå-
òâîðÿþùèõ óñëîâèþ (1)




n)| → 0 ïðè n→∞.





Ýòî óòâåðæäåíèå âïåðâûå áûëî ïîëó÷åíî Ýðäåøåì è Êàöåì â [6]). Â íàñòî-
ÿùåå âðåìÿ åãî ìîæíî äîêàçàòü áîëüøèì ÷èñëîì ñïîñîáîâ, èñïîëüçóÿ èäåè èç
ôóíêöèîíàëüíîé ÖÏÒ ( ñì.,íàïðèìåð, äîêàçàòåëüñâî ëåììû 18 â [3]). À èç [7],
[8], [9] ìîæíî èçâëå÷ü îöåíêè äëÿ âåëè÷èíû πn â òåðìèíàõ ñðåçàííûõ ìîìåíòîâ
òðåòüåãî ïîðÿäêà ñëó÷àéíîé âåëè÷èíû X1.
Ïðè âñåõ n > k ≥ 0 è âñåõ x ââåäåì îáîçíà÷åíèå
(33) Qk,n(t, x) := P (τ > Vn, Vn ≤ 2n|τ > Vk, Vk = t, Zk = x) .
Ëåììà 6. Äëÿ ëþáûõ n > k ≥ 0 è âñåõ x ≥ 0





(35) C0 := 2ϕ(0) =
√
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Ëåììà 7. Â óñëîâèÿõ ëåììû 6
(36) Qk,n(t, x) ≥ Ψ(x/
√
n)− ρn−k − pk,n(t, x),
ãäå
pk,n(t, x) := P (Vn > 2n|τ > Vk, Vk = t, Zk = x) .
2.4. Äîêàçàòåëüñòâà ëåìì 6 è 7. Ââåäåì îáîçíà÷åíèå
Mk,n := min{Z(t) : Vk ≤ t ≤ Vn}.
Ëåììà 8. Ïðè ëþáûõ n > m ≥ k > 0
(37) |Mk,n − Zk − µk,n| ≤ 2G(Vn).
Äîêàçàòåëüñòâî. Ïóñòü Vk ≤ t ≤ Vn. Â ýòîì ñëó÷àå
Z(t)− Zk = Z(t)− Z(Vk) = SN(t) − Sk − g(t) + g(Vk),
à ïîòîìó
(38) |Z(t)− Zk −
N(t)∑
i=k+1
Xi| ≤ 2G(Vn) ïðè Vk ≤ t ≤ Vn.
Íåòðóäíî ïîíÿòü, ÷òî èç (38) âûòåêàåò (37). 
Ëåãêî âèäåòü, ÷òî (33) ìîæíî ïåðåïèñàòü â ñëåäóþùåì ýêâèâàëåíòîì âèäå
Qk,n(t, x) = P (Mk,n > 0, Vn ≤ 2n|τ > Vk, Vk = t, Zk = x) .
Îòñþäà ñ ó÷¼òîì (37) èìååì:
Qk,n(t, x) ≤ P (Zk + µk,n + 2G(Vn) > 0, Vn ≤ 2n|τ > Vk, Vk = t, Zk = x)(39)
≤ P (x+ µk,n + 2G(2n) > 0|τ > Vk, Vk = t, Zk = x) = qk,n(x+ 2G(2n)).
Àíàëîãè÷íî, õîòÿ è ÷óòü ñëîæíåå, ïîëó÷àåòñÿ íåðàâåíñòâî â äðóãóþ ñòîðîíó
Qk,n(t, x) ≥ P (Zk + µk,n − 2G(Vn) > 0, Vn ≤ 2n|τ > Vk, Vk = t, Zk = x)(40)
≥ P (x+ µk,n − 2G(2n) > 0, Vn ≤ 2n|τ > Vk, Vk = t, Zk = x)
≥ qk,n(x− 2G(2n))− pk,n(t, x).
Äàëåå èç (32) ïîëó÷àåì:
(41)
∣∣∣∣qk,n(x± 2G(2n))−Ψ(x± 2G(2n)√n− k
)∣∣∣∣ ≤ πn−k.


































Èç (39) è (44) íåìåäëåííî âûòåêàåò óòâåðæäåíèå (34) ëåììû 6. À íåðàâåí-
ñòâî (36) ñëåäóåò èç (40) è (44).
16 À.È. ÑÀÕÀÍÅÍÊÎ, Â.È. ÂÀÕÒÅËÜ, Å.È. ÏÐÎÊÎÏÅÍÊÎ, À.Ä. ØÅËÅÏÎÂÀ
3. Îöåíêè ñâåðõó äëÿ P(τ > Vn)
3.1. Ïðèìåíåíèå ëåììû 6. Íåòðóäíî ïîíÿòü, ÷òî
(45) πn := sup
k≥n/2
πk → 0 ïðè n→∞
Ëåììà 9. Äëÿ ïðîèçâîëüíûõ n ≥ 2m > 0
qn := P(τ > Vn) ≤
C0Um√
n−m




Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì, ÷òî ïðè âñåõ n > m > 0
Pn := P(τ > Vn, Vn ≤ 2n) = P(τ > Vn, Vn ≤ 2n, τ > Vm)(47)
= E[Qm,n(Vm, Zm); τ > Vm].
Çäåñü ìû èñïîëüçîâàëè îïðåäåëåíèå (33) è ìàðêîâñêîå ñâîéñòâî ïàð {(Vm, Zm) :








Um + ρn,mP(τ > Vm).
Äàëåå, ââèäó îïðåäåëåíèÿ (45),







Ïîäñòàâëÿÿ (12) è (49) â (35), èìååì








= πn + 4κ(2n).
Íàêîíåö, ââèäó (47) î÷åâèäíî, ÷òî




Ïðè âûâîäå ïîñëåäíåé îöåíêè â (51) ìû òàêæå èñïîëüçîâàëè (23). Ïîäñòàâèì
òåïåðü ñíà÷àëà â (48) îöåíêó äëÿ ρm,n èç (50), à çàòåì ïîäñòàâèì (48) â (51).
Â èòîãå ìû ïîëó÷èì (46). 
3.2. Ãðóáàÿ îöåíêà ñâåðõó äëÿ P(τ > Vn). Ââåäåì ÷èñëà
T0 := min {n ≥ 2 : ρn := πn + 4κ(2n) ≤ 1/4} <∞,(52)









Ëåììà 10. Â óñëîâèÿõ Òåîðåìû 2
(54) Qn :=
√
nP(τ > Vn) ≤ C2Un ∀n > 0.
Äîêàçàòåëüñòâî. Ïðè n < T0 íåðàâåíñâî (54) î÷åâèäíî ñëåäóåò èç îïðåäåëå-
íèÿ (53) âåëè÷èíû C2.
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Ïóñòü òåïåðü n ≥ T0 ≥ 2  ýòî ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî, äëÿ êîòî-
ðîãî íåðàâåíñòâî (54) åùå íå äîêàçàíî. Ïîñêîëüêó m := bn/2c ≤ n/2 < n ≤ 3m,
òî ïðè óêàçàííîì m < n íåðàâåíñòâî (54) óæå äîêàçàíî:








Ïðè âûâîäå (55) áûëî òàêæå èñïîëüçîâàíî íåðàâåíñòâî (21).








































È òåì ñàìûì ìû äîêàçàëè (54) ïðè âûáðàííîì n.
Óòâåðæäåíèå ëåììû òåïåðü âûòåêàåò èç ïðèíöèïà ìàòåìàòè÷åñêîé èíäóê-
öèè. 
3.3. Àñèìïòîòè÷åñêàÿ îöåíêà ñâåðõó äëÿ P(τ > Vn). Ïðè ïðîèçâîëüíîì
ε ∈ (0, 1/2] ïîëîæèì



















nP(τ > Vn) ≤ (1 + ε)Un ∀n ≥ T1(ε).
Äîêàçàòåëüñòâî. Ïðè m := bεnc ìû èìååì ïðàâî èñïîëüçîâàòü îöåíêó (46)
ïðè âñåõ n ≥ 2. Ïîäñòàâëÿÿ òåïåðü íåðàâåíñòâî (54) â (46) è ïðèìåíÿÿ íåñêîëü-


























Èç (61) ïðè n ≥ T1(ε) ñëåäóåò (60) ââèäó îïðåäåëåíèÿ (59) ÷èñëà T1(ε). 
4. Äîêàçàòåëüñòâî òåîðåìû 3
4.1. Îñíîâíàÿ èäåÿ. Ââåäåì â ðàññìîòðåíèå âñïîìîãàòåëüíûå öåëî÷èñëåí-
íûå ñëó÷àéíûå âåëè÷èíû ν(h) è νm:
(62) ν(h) := inf{k > 0 : Zk ≥ h}, νm = min{ν(h),m}, m, h > 0,
ãäå öåëîå m = m(n) > 0 è äåéñòâèòåëüíîå h = h(n) > 0 áóäóò âûáðàíû ïîçæå.
Íàïîìíèì, ÷òî îáîçíà÷åíèÿ Qk,n(t, x) è Pn áûëè ââåäåíû ðàíåå â (33) è (47).
18 À.È. ÑÀÕÀÍÅÍÊÎ, Â.È. ÂÀÕÒÅËÜ, Å.È. ÏÐÎÊÎÏÅÍÊÎ, À.Ä. ØÅËÅÏÎÂÀ
Ëåììà 12. Ïðè ëþáûõ n > m > 0
(63) Pn = E [Qνm,n(Vνm , Zνm);β > νm, Vνm ≤ 2n] .
Äîêàçàòåëüñòâî. Èç ôîðìóëû ïîëíîé âåðîÿòíîñòè èìååì:
P (τ > Vn, Vn ≤ 2n) =
m∑
k=1




P (νm = k, τ > Vn, Vn ≤ 2n, τ > Vk, Vk ≤ 2n) .
Çäåñü ìû èñïîëüçîâàëè òîò ôàêò, ÷òî âñåãäà Vk < Vn. Äàëåå, íåòðóäíî ïîíÿòü,
÷òî νm  ìîìåíò îñòàíîâêè ââåäåííîé â (13) öåïè ÌàðêîâàM. Ñëåäîâàòåëüíî,
P (νm = k, τ > Vn, Vn ≤ 2n) = P (νm = k, τ > Vn, Vn ≤ 2n, τ > Vk, Vk ≤ 2n)
= E [Qk,n(Vk, Z(Vk), T );β > k = νm, Vk ≤ 2n] ,
ïîñêîëüêó ñîáûòèÿ {τ > Vk} è {β > k} ñîâïàäàþò.
Ïîäñòàâëÿÿ ýòî ðàâåíñòâî â (64), ìû ïîëó÷èì (63). 
Çàìå÷àíèå 1. Ìû óâèäèì äàëåå, ÷òî èäåÿ ââåñòè ìîìåíò îñòàíîâêè âèäà
νm, ïðè ñïåöèàëüíî ïîäáèðàåìûõ m è h, ÿâëÿåòñÿ î÷åíü ïðîäóêòèâíîé. Ýòà
èäåÿ ïðèíàäëåæèò Â. Âàõòåëþ è Ä. Äåíèñîâó (ñì. [10], [11], [12]).
4.2. Ïðèìåíåíèå ëåììû 7.
Ëåììà 13. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Òîãäà ïðè âñåõ n ≥ 2m > 0
äëÿ ëþáûõ h > 0
√


































Äîêàçàòåëüñòâî. Çàìåòèì ïðåæäå âñåãî, ÷òî â ñèëó (50) è (52) íåðàâåíñòâî
(36) ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå
Qk,n(t, x) ≥ Ψ(x/
√
n)− ρn − pk,n(t, x).(68)
Ïîäñòàâëÿÿ t = Vνm è x = Z
∗







− ρnP(Am,n)−P(Vn > 2n).(69)
Äàëåå,





Íî èç ýòîãî ôàêòà íåìåäëåííî âûòåêàåò, ÷òî






P(β > νm) = P(τ > Vνm) ≤ P(Am,n) + P(Vνm > 2n).
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Â ÷àñòíîñòè, èç ïîñëåäíåãî íåðàâåíñòâà è (70) ñëåäóåò (67).
Çàìåòèì òåïåðü (ñì. [3], ñòð 3328), ÷òî
C0y ≥ Ψ(y) ≥ C0y(1−
y2
6





















































ãäå âåëè÷èíà Em,n áûëà ââåäåíà â (66).
Íàêîíåö, ïîäñòàâëÿÿ (70) è (71) â (69), ìû ïîëó÷àåì (65). 
4.3. Îöåíêà ñâåðõó äëÿ Un. Çàìåòèì, ÷òî ïðè n→∞
λ2n := min{ε > 0 : E[X21 ; |X1| > ε
√
n] ≤ ε2} → 0.(72)

























δ1,n := 2λn + 3κ(2n)→ 0 ïðè n→∞.(74)
Äîêàçàòåëüñòâî. Èç (15) ïðè α = νm âûòåêàåò, ÷òî
∆̂m,n := EZ
∗
n −EZ∗νm ≤ E[−Xβ ; νm < β ≤ n] + Êνm,n,(75)





















Z∗νm ; τ > Vνm , Vνm > 2n
]
(77)




Ïî îïðåäåëåíèþ âåëè÷èíû νm (ñì. (62)), ïðè ëþáîì y > 0 äëÿ âñåõ 2 ≤ j ≤ n
ìû èìååì:
Ẽj,m(y) := E[−Xj ;β > j − 1 ≥ νm,−Xj > y]
= E[−Xj ;−Xj > y]P(β > j − 1 ≥ νm),
20 À.È. ÑÀÕÀÍÅÍÊÎ, Â.È. ÂÀÕÒÅËÜ, Å.È. ÏÐÎÊÎÏÅÍÊÎ, À.Ä. ØÅËÅÏÎÂÀ
ïîñêîëüêó ñîáûòèå {β > j − 1 ≥ νm} ïîðîæäàåòñÿ ñëó÷àéíûìè âåëè÷èíàìè
X1, . . . , Xj−1, êîòîðûå íå çàâèñÿò îò Xj . Ñëåäîâàòåëüíî
Ej,m(y) := E[−Xβ ;β = j > νm,−Xβ > y] ≤ Ẽj,m(y)
= E[−X1;−X1 > y]P(β > j − 1 ≥ νm)
≤ E[X
2
1 ; |X1| > y]
y
P(β > νm).
Çíà÷èò, äëÿ ëþáîãî y > 0,
E[−Xβ ;n ≥ β > νm] ≤ yP(β > νm) + E[−Xβ ;−Xβ > y, n ≥ β > νm]
= yP(β > νm) +
n∑
j=2
Ej,m(y) ≤ yP(β > νm) + n
E[X21 ; |X1| > y]
y
P(β > νm).
À ïîëàãàÿ y = λn
√
n è ó÷èòûâàÿ (72), ìû ïîëó÷àåì:
E[−Xβ ;n ≥ β > νm] ≤ 2λn
√
nP(β > νm).(78)
Ïîäñòàâèâ òåïåðü (78) è (26) â (75), èìååì:
∆̂m,n ≤
√
nδ1,nP(β > νm) + 3C1κ(2n)/nγ .(79)
Äàëåå, èç (67) è (23) íàõîäèì:





















Ïðè âûâîäå (81) ìû èñïîëüçîâàëè òàêæå òîò ôàêò, ÷òî 3κ(2n) ≤ δ1,n ââèäó (74).
Íàêîíåö, ïîäñòàâëÿÿ (81) è (77) â (76), ìû ïîëó÷èì òðåáóåìîå íåðàâåí-
ñòâî (73). 
4.4. Îöåíêà äëÿ ïåðåñêîêà.
Ëåììà 15. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2, à ÷èñëà n è h óäîâëåòâî-
ðÿþò íåðàâåíñòâàì
h ≥ 4G(2n) è h ≥ 2λn
√
n.(82)
Òîãäà ïðè âñåõ n ≥ m > 0
(83) Em,n ≤ C3λ2n
√
mUn/h ïðè C3 := 8/U1 + 16C2.
Äîêàçàòåëüñòâî. Ïîñêîëüêó Zνm−1 < h, òî
Zνm = Zνm−1 + gνm−1 − gνm +Xνm
< h+ 2G(Vνm) +Xνm ≤ h+ 2h/4 +Xνm = 3h/2 +Xνm ,
â ñëó÷àå, êîãäà Vνm ≤ Vn ≤ 2n è G(2n) ≤ h/4 ââèäó (82). Ñëåäîâàòåëüíî,
Em,n = E[Zνm ;β > νm, Zνm > 2h, Vn ≤ 2n](84)
≤ E [3h/2 +Xj ;β > νm, Xνm > h/2]
≤ E[4Xνm ;β > νm, Xνm > h/2]
≤ E[8X2νm/h;β > νm, Xνm > h/2].
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Äàëåå, ïðè âñåõ 1 ≤ j ≤ m
E∗j := E[X
2
νm ;β > νm = j,Xνm > h/2] ≤ E
[
X2j ;β > j − 1, Xj > h/2
]
= E[X2j ;Xj > h/2]P(β > j − 1) ≤ λ2nP(β > j − 1).(85)
Ðàâåíñòâî â (85) âûòåêàåò èç òîãî ôàêòà, ÷òî ñîáûòèå {β > j−1} ïîðîæäàåòñÿ
ñëó÷àéíûìè âåëè÷èíàìè X1, . . . , Xj−1, êîòîðûå íå çàâèñÿò îò Xj . À ïîñëåäíåå
íåðàâåíñòâî â (85) ñëåäóåò èç (72), ïîñêîëüêó h/2 ≥ λn
√
n â ñèëó ïðåäïîëîæå-
íèÿ (82). Íàïîìíèì åùå, ÷òî ââèäó (54) è (21) ñïðàâåäëèâà îöåíêà





, j = 2, . . . n.(86)
















































j − 2) = 2
√
m− 1 < 2
√
m.















À ó÷èòûâàÿ, ÷òî 1 = U1/U1 ≤ Un/U1 ≤ Un
√
m/U1, ìû èç (88) ëåãêî èçâëåêàåì
(83). 




ρn/C0 + δ1,n + λ
2
n è h = hn :=
√
nδn.
Ëåììà 16. Ïóñòü âûïîëíåíû âñå óñëîâèÿ ëåììû 14. Òîãäà ïðè h = hn èç (89)
ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ














(91) 0 ≤ δ2,n ≤ δ2/31,n + (2δ1,n + δn)
C1
U1nγ
→ 0 ïðè n→∞.
Â ÷àñòíîñòè, ôóíêöèÿ U(T ) = UbTc ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ ïðè
T →∞.
22 À.È. ÑÀÕÀÍÅÍÊÎ, Â.È. ÂÀÕÒÅËÜ, Å.È. ÏÐÎÊÎÏÅÍÊÎ, À.Ä. ØÅËÅÏÎÂÀ
Äîêàçàòåëüñòâî. Îòìåòèì ïðåæäå âñåãî, ÷òî â (90) íàì íóæíî äîêàçàòü òîëü-
êî ïîñëåäíåå íåðàâåíñòâî, ïîñêîëüêó îñòàëüíûå ñîîòíîøåíèÿ â (90) íåìåäëåííî
âûòåêóþò èç óòâåðæäåíèé ëåììû 2. Äàëåå, 1/(1 + δ) ≥ 1 − δ ïðè âñåõ δ > 0.























Íî èç ýòîãî íåðàâåíñòâà è (86) ïðè j = m + 1 íåìåäëåííî ñëåäóåò ïîñëåäíåå




















Çàìå÷àÿ òåïåðü, ÷òî δ∗n > δ
1/3
1,n â âèäó (89), è ÷òî Un ≥ U1 > 0 â ñèëó (21), ìû
èç (92) ïîëó÷àåì îöåíêó (91).








→ 1 ïðè n→∞,
ïîñêîëüêó δ1,n + δ2,n → 0 ïðè n → ∞. Ñëåäîâàòåëüíî, ôóíêöèÿ U(T ) = UbTc
ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ ïðè T →∞. 
4.6. Àñèìïòîòè÷åñêàÿ îöåíêà ñíèçó äëÿ P(τ > Vn).
Ëåììà 17. Ïóñòü âûïîëíåíû âñå óñëîâèÿ Òåîðåìû 2. Òîãäà äëÿ ëþáîãî ε ∈
(0, 1/2] íàéäåòñÿ ÷èñëî T2(ε) òàêîå, ÷òî
√
nP(τ > Vn) =
√
nP(β > n) ≥ (1− ε)C0Un ∀ n ≥ T2(ε).(93)
Äîêàçàòåëüñòâî. Ïðè n ≥ 2m > 1 è h = hn ìû èìååì ïðàâî ïîäñòàâèòü â (65)




















nρnP(τ > Vm)− C0Em,n −
√
nP(Vn > 2n).
Ïðåäïîëîæèì òåïåðü, ÷òî âûïîëíåíû îáà óñëîâèÿ â (82). Èñïîëüçóÿ â ýòîì































Òàêèì îáðàçîì èç îïðåäåëåíèÿ (89) âåëè÷èíû hn ìû ïîëó÷àåì, ÷òî
√
nP(τ > Vn) ≥
√
nPn ≥ C0Un (1− δ3,n) ,(94)
ãäå
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Ïîëîæèì òåïåðü m := bn/2c ≥ n/3 ïðè n > 1. Ó÷èòûâàÿ âèä (89) âåëè÷èíû δn,
èç (95) íåòðóäíî èçâëå÷ü, ÷òî
(96) δ3,n ≤ δ4,n := 2δ2n + δ2,n + C2δ2n + C3δ2n +
C1δn
C0U1nγ
→ 0 ïðè n→∞.
Ïðè âûâîäå (96) ìû åùå èñïîëüçîâàëè (21).
Ïîëîæèì òåïåðü
(97) T2(ε) := inf{n > 1 : δ4,n ≤ ε è ρn + 2λn ≤ δn}.
Èç îïðåäåëåíèé (89), (12) è (52), íåòðóäíî óáåäèòüñÿ ÷òî ïðè n→∞
(98) 2λn/δn < 2
√
δn → 0 è 4G(2n)/hn ≤ 4κ(2n)/δn ≤ ρn/δn ≤ C0δ2n → 0.
À ïîñêîëüêó åùå δ4,n → 0 ïðè n→∞, òî T2(ε) <∞ ïðè âñåõ ε > 0.
Äàëåå, èç âòîðîãî óñëîâèÿ â (97) ñ ó÷åòîì âòîðîãî íåðàâåíñòâà â (98) íåìåä-
ëåííî âûòåêàåò, ÷òî ïðè n ≥ T2(ε) âûïîëíåíû îáà ïðåäïîëîæåíèÿ èç (82).
Çíà÷èò, ïðè n ≥ T2(ε) ìû èìååì ïðàâî èñïîëüçîâàòü íåðàâåíñòâî (94) ñ îöåí-
êîé (96) äëÿ δ3,n ≤ δ4,n. Òàêèì îáðàçîì, òðåáóåìîå íåðàâåíñòâî (93) âûòåêàåò
èç (94) è (96) ïðè T2(ε), ââåäåííîì â (97) 
Èç ëåìì 11 è 17 î÷åâèäíûì îáðàçîì âûòåêàåò óòâåðæäåíèå (11) òåîðåìû 3.
5. Äîêàçàòåëüñòâà òåîðåì 1 è 2
5.1. Îöåíêà ñâåðõó äëÿ P(τ > T ).




TP(τ > T ) ≤ (1 + 2ε)C0U(T ) ïðè âñåõ T ≥ T3(ε),(99)
ãäå






TP(τ > T ) ≤ C4U(T ) ïðè âñåõ T > 0,(101)
ãäå
C4 := 2C0 + sup
T<T3(1/2)
√
TP(τ > T )
U(T )
.(102)
Äîêàçàòåëüñòâî. Ïðè âñåõ T, n > 0 î÷åâèäíûì îáðàçîì èìååì
P(τ > T ) ≤ P(τ > Vn) + P(Vn > T ).(103)
Ïóñòü òåïåðü
T ≥ T3(ε) è n := b(1− ε)T c+ 1.
Â ñèëó (100) è (59) â ýòîì ñëó÷àå T > (1− ε)T ≥ T1(ε) ≥ 2/ε, à ïîòîìó
2/ε ≤ T1(ε) ≤ (1− ε)T ≤ n ≤ (1− ε)T + 1 ≤ (1− ε)T + εT/2,
T − n ≥ T − (1− ε)T − 1 = εT − 1 ≥ εT − εT/2.
Ñëåäîâàòåëüíî, ïðè âûáðàííîì n
T1(ε) ≤ n ≤ T è T − n ≥ εT/2.(104)
24 À.È. ÑÀÕÀÍÅÍÊÎ, Â.È. ÂÀÕÒÅËÜ, Å.È. ÏÐÎÊÎÏÅÍÊÎ, À.Ä. ØÅËÅÏÎÂÀ




TP(τ > Vn) ≤
√
(1− ε)nP(τ > Vn) ≤ (1 + ε)C0Un.(105)
Äàëåå, ïðèìåíèì íåðàâåíñòâî (22) ïðè u = εT/2 è n ≤ T . Ó÷èòûâàÿ åùå
(104), èìååì










Ïðè âûâîäå äâóõ ïîñëåäíèõ íåðàâåíñòâ â (106) ìû åùå èñïîëüçîâàëè (21) è




TP(τ > Vn) ≤ (1 + ε)C0Un + εC0Un ≤ (1 + 2ε)C0U(T ),(107)
ïîñêîëüêó åùå Un = U(n) ≤ U(T ) ïðè n ≤ T .
Òàêèì îáðàçîì, èç (107) âûòåêàåò (99). Çàìåòèì íàêîíåö, ÷òî ÷èñëî C4 â
(102) âûáðàíî òàêèì îáðàçîì, ÷òîáû (101) ñëåäîâàëî èç (99) ïðè ε = 1/2. 
5.2. Äîêàçàòåëüñòâî òåîðåìû 2.
Ëåììà 19. Ïóñòü âûïîëíåíû âñå óñëîâèÿ Òåîðåìû 2. Òîãäà äëÿ ëþáîãî ε ∈
(0, 1/2]
P(τ > T ) ≥ (1− 3ε)C0U(T ) ïðè âñåõ T ≥ T4(ε),(108)
ãäå
T4(ε) := inf{T ≥ T2(ε) : C1 ≤ C0U1T γε3}.(109)
Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ïðè âñåõ T, n > 0
P(τ > Vn) ≤ P(τ > T ) + P(Vn < T ).(110)
Ïóñòü òåïåðü
T ≥ T4(ε) è n := b(1 + ε)T c+ 1 ≥ T + εT.
Â ñèëó (100) è (59) â ýòîì ñëó÷àå
n > T ≥ T4(ε) ≥ T2(ε) ≥ T1(ε) ≥ 2/ε,
à ïîòîìó





≥ 1− 3ε/2 ≥ (1− ε)2 ïðè 0 < ε ≤ 1
2
.
Ñëåäîâàòåëüíî, ïðè âûáðàííûõ n è ε
√
T ≥ (1− ε)
√
n è 2T > n ≥ T + εT > T.(111)
Íî ïðè n ≥ T2(ε) ìû ìîæåì âîñïîëüçîâàòüñÿ óòâåðæäåíèåì ëåììû 17. Â
èòîãå ïîëó÷èì:
P(τ > Vn) ≥
(1− ε)C0Un√
n
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Äàëåå, ó÷èòûâàÿ (111), ïðèìåíèì íåðàâåíñòâî (22) ïðè u = εT :
P(Vn < T ) = P(Vn − n < T − n) ≤ P(Vn − n < −εT )












TP(τ > Vn) ≤ (1 + ε)C0Un + εC0Un ≤ (1 + 2ε)C0U(T ).(113)
Ïîäñòàâëÿÿ òåïåðü (112) è (113) â (110), íàõîäèì:
√
TP(τ > T ) ≥ (1− 2ε)C0Un − εC0Un ≥ (1− 3ε)C0Un.(114)
Òàêèì îáðàçîì, ÷òîáû èç (114) ïîëó÷èòü (108), íóæíî ëèøü çàìåòèòü, ÷òî
n > T , à ïîòîìó Un = U(n) ≥ U(T ). 
Èç ëåìì 18 è 19 î÷åâèäíûì îáðàçîì âûòåêàåò óòâåðæäåíèå (10) òåîðåìû 2.
Íàïîìíèì åùå, ÷òî â ëåììå 16 ìû óæå äîêàçàëè, ÷òî ôóíêöèÿ U(T ) = UbTc
ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ ïðè T →∞.
5.3. Äîêàçàòåëüñòâî òåîðåìû 1. Ââåäåì â ðàññìîòðåíèå âåëè÷èíû
τ− = inf{t > 0 : S(t) ≤ −G(t)}, U−(T ) := E[SbTc +G(VbTc) : τ− > VbTc].
Ïîñêîëüêó ôóíêöèÿ −G(t)  ìîíîòîííî íåâîçðàñòàåò, òî èç Òåîðåìû 2 ïðè
g(t) = −G(t) íåìåäëåííî âûòåêàåò, ÷òî U−(T ) ÿâëÿåòñÿ ìîíîòîííî íåóáûâà-
þùåé ôóíêöèåé, êîòîðàÿ ìåäëåííî ìåíÿåòñÿ ïðè T → ∞. À èç óòâåðæäåíèÿ
(101) ëåììû 18 ñëåäóåò, ÷òî
√
TP(τ > T ) ≤ C4U−(T ) ïðè âñåõ T > 0.
Òî åñòü óòâåðæäåíèå (8) Òåîðåìû 1 âåðíî ïðè U+(T ) := C4U−(T ).
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